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ABSTRACT. Among various instruments of approximation representing solu-
tions of Ordinary Differential Equations (ODEs), the Taylor expansions play
a unique role. This is because an explicit system of ODEs by itself is a tool
for computing n—order derivatives of the solution and therefore delivering the
Taylor expansions of the solution at multiple points of the phase space.

This capability by ODEs to generate Taylor expansions relies however
on availability of the rules of n—order differentiation and their computational
efficiency. As shown in [2], availability and efficiency of the rules of n—order
differentiation take place only for a particular sub-class of holomorphic func-
tions. Those are the so called generalized elementary functions [1, 2], i.e.
functions representable as solutions of rational ODEs.

It was shown [3], that continuation of (generalized) elementary functions
via integration of its ODEs not necessarily expands them into each and every
point where these functions exist and are holomorphic. Some entire func-
tions are suspects for being elementary everywhere except isolated unreachable
points - the points of their "removable" or "regular" singularity [3].

All the above mentioned and a few other issues are interdependent and
complementary to each other. The merger of them into one theory is called
the Unifying view on ODEs and AD [2].

However there is a gap in this otherwise coherent view: an open state-
ment, the Conjecture [2,3] about the possibility to convert a rational system
of ODEs at a regular point into one n—order rational ODE regular at the
same point. The Conjecture is important because the question of equivalency
of two competing definitions of elementary functions (and a few other open
statements) depend on the Conjecture.

The report therefore presents the setting and a few known facts concerning
the Conjecture as an invitation for everybody to resolve it and fill the gap in
this theory.

1. Preface

Typically, ODEs are considered for classes of real valued n—times differen-
tiable functions. However all along this report we deal with ODEs over a class of
holomorphic functions (for the reasons explained below). This implies derivatives
understood as the complex derivatives in the complex plane C, (rather than deriv-
atives along the real axis). However we do not mention explicitly the complexity
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of the functions we deal with, because operations over them in the complex plane
C formally look as though on the real axis.

Among various instruments of approximation representing solutions of ODEs,
the Taylor expansions play a unique role. This is so because an explicit system of
ODE:s by itself is a tool for computing n—order derivatives of the solution, therefore
delivering the Taylor expansions of the solution at multiple points of the phase
space.

The plurals "expansions" and "multiple points" here are crucial. A holomorphic
function represented only by an arbitrary Taylor expansion at only one point in
theory may be analytically continued, yet usually not in practice. The Taylor
expansion of a function at one point does not help to obtain the expansion at the
other points. It is ODEs that generate the Taylor expansion at any regular point
of the phase space thus making the analytical continuation possible and practical.

This capability to generate Taylor expansions by ODEs relies however on avail-
ability of the rules of n—order differentiation and their computational efficiency. As
shown in [2], the rules of n—order differentiation are available and efficient only for a
particular sub-class of all holomorphic functions. Those are functions representable
by rational ODEs and called generalized elementary functions [1,2]. They widen
the class of conventional elementary functions so that the class becomes closed. In
terms of a generalizing definition, the solutions of elementary ODEs are elementary
too.

It was shown [3], that continuation of (generalized) elementary functions via
integration of its ODEs not necessarily expands them into each and every point
where these functions exist and are holomorphic. Some entire functions are sus-
pects for being elementary everywhere except an isolated point: the point of their
"removable" or "regular" singularity [3]. This gives another insight into the notion
"removable singularity" as a new type of special point in holomorphic functions,
which is rather "unmovable", being proper to a particular holomorphic function.

The following ideas at first glance may seem unrelated:

e Elementary functions;

e The class of elementary ODEs closed with regard to their solutions;

e The transformations of all elementary ODEs to the special formats, en-
abling...

e Optimized computability of n—order derivatives, enabling...

e The modern Taylor method as a tool of efficient analytic continuation;

e Special points unreachable via integration of ODEs - points of violation
of elementariness.

They all however are interdependent and complementary to each other. An
approach revealing the merger of these concepts is important enough by itself, so
that we call it the Unifying view on ODEs and AD [2] framed by the theory of
holomorphic functions.

There is a gap in this otherwise coherent view: an open statement, the Conjec-
ture [2,3] about possibility to convert a rational system of ODEs at a regular point
into one n—order rational ODE regular at the same point. The Conjecture is so
important because two other open statements depend on it:

e The elementariness may be defined similarly either for vector-functions
via rational systems of 1st order ODEs, or for a stand alone function
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via one n—order ODE. Both definitions would be equivalent only if the
Conjecture were proved;

e The recently discovered specialty of points like ¢ = 0 in the function
int
x(t) = % (and others [3]) shows up in that z(¢) can not satisfy any
rational n—order ODE regular at ¢t = 0. Is it also true, that x(¢) can not
satisfy any rational system of ODEs regular at ¢ = 07 It would be true if
the Conjecture were proved.

The report therefore presents the setting and a few known facts concerning the
Conjecture as an invitation for everybody to resolve it.

2. The Definitions

Since R. Moore [1], the concept of (generalized) elementary functions was in-

troduced for vector-functions, and their definition relied on a system of rational
ODE:s [2].

DEFINITION 1. A wvector-function £ : C™ — C", f={fi(z, y,..)}, k =
1,..., n, is called elementary in a certain variable (say x) near an initial point
(a, b,...) if {fe(z, y,...)} is a solution of some initial value problem for a system
of N > n autonomous ordinary differential equations

ou
(2.1) {a; = Ri(ut, ooy sy un); gl = frla, b,.), k=1,..., N

with rational right hand sides Ry regular at the initial point. The components uy, are
viewed as functions of x, all the remaining variables being considered as parameters.

EXAMPLE 1. A function f(x, y) = cos(z)e? as a function of x is elementary
at a point x =a, y=>b because f(x, y) salisfies a system
fo = =g [lo—y = cos(a)e’
9o = fi gly=, =sin(a)e®

(omitting ' = 1). As a function of y, f(x, y) is elementary because it satisfies a
system

fy fi o flymy = cos(a)e”

g, = 0; gl,_, =const ("dummy’ component)
(omitting y' = 1).

Therefore elementariness of an n—dimensional vector-function (or of a stand
alone function) sometimes may be established only via a system of ODEs with
number of equations N > n, like elementariness in x of f(z, y) = cos(x)e? in the
example above. We then say that a (vector-)function is elementary together with
the associated components: say cost together with sint.

Is it possible to define a "stand alone" elementariness of a component of a
vector-function not referring to the associated components so that the "stand alone"
elementariness be equivalent to Definition 1 in a certain sense?

Consider a definition of hypothetical elementariness for a stand alone function

flxy, ey zm).
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DEFINITION 2. A function f : C™ — CY, f(z, y,...) is called "stand alone”
elementary in a variable x near an initial point (a, b,...) if f(x, y,...) is a solution
of some initial value problem for an N —order ordinary differential equation in x

(2.2)
k

r=a aIIIk ’

with rational right hand side R regular at the initial point.

k=0,..., N—1

EXAMPLE 2. A function f(x, y) = cos(z)e? as a function of x is elementary
at a point x = a, y =>b because f(x, y) satisfies an ODE

;z,c/ = 7f; f|x:a = C()s(a,)eb7 f’|$:a = —sin(a)eb.

As a function of y, f(x, y) is elementary because it satisfies an ODE
fy=1: fly= = cos(a)e”.

An issue of equivalency between Definitions 1 and 2 relies on the general concept
of equivalent transformations between a system of m 1st order ODEs and one
n—order ODE (12.3). The concept of equivalent transformations applies to arbitrary
holomorphic (rather than rational) ODEs.

DEFINITION 3. (“One ODE — System” transformation). We say that one
n—order ODE equivalently transforms into a system of m 1st order ODFEs
in respect to uy at a reqular point to if the solution wy, of an ODE
(2.3) ugn) = f(t, ug,..., ugn_l)), u(li) =at, i=1,.,n—1

t=to
belongs to a solution vector of a regular IVP for a 1st order system
(2'4) {U;C = gk(t7 u17 tey um) 7 uk|t:t0 = bk? bl = a?? k: = 1’ te m.

DEFINITION 4. (“System — One ODE” transformation). We say that a sys-
tem of m 1st order ODEs equivalently transforms into one n—order ODE
in respect to a particular variable (say wy) if the component uy of the solution of

system satisfies a regular IVP for one n—order ODE .

It is obvious that Definitions 1 and 2 of elementariness are equivalent if the
equivalent transformations “System — One ODE” and “One ODE — System”
are possible for rational right hand sides f, gx (see Table 1, cell “?”). The case of
holomorphic (rather than rational) right hand sides is brought into the Table 1 just
for comparison: to illustrate that this case is trivial (proven below) so that only the
case in the cell "?7" stands on the way. This unsolved problem was posed in 2008
as the Conjecture [3] and it is analyzed more below.

f, gr are...
Rational | Holomorph
One n-order ODE — | Syst. of m 15! order ODEs Yes Yes
Syst. of m 1%¢ order ODEs — Regular n-order ODE ? Yes
Singular n-order ODE Yes

Table 1. Equivalent transformations “System — One ODE” and
“One ODE — System”
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THEOREM 1. The equivalent transformation “One ODE — System” (Row 1
of Table 1) is possible (and trivial) for both holomorphic and rational right hand

sides f, g.-

PROOF. The equivalent transformation of one n—order ODE (2.3) into a
system of 1st order ODFEs is trivially achievable via introduction of new variables

Upy1 = Uj, = ugk), k=1, .., n—1:
), = U1 , k=1,...,n-1
ul, = f(t, u1, u,..., Up_1).
If the function f is rational and regular at ¢ = t( so is the system. O

The opposite case is not trivial at all.

THEOREM 2. For arbitrary holomorphic right hand sides f, gy the equivalent
transformation “System — One ODE"” is possible and trivial (remaining however
an open question for rational right hand sides).

PrROOF. Consider the solution u; (¢) of system (2.4)), denoting f(¢) = u}(¢). Then
the equation ) (t) = f(¢) is a required equivalent ODE ({2.3), and the ODE of 15
order at that. O

REMARK 1. Without the requirement that the target be a regular n—order
ODE at t =ty , the transformation “System — One ODE” s possible by means
of resultants and elimination of variables in certain polynomial equations , as
shown in [2] and discussed below.

Further on, speaking about elementary functions, we mean elementariness only
according to Definition 1. As noted in [2], the fundamental theorems about the
elementary functions (in particular on their closedness), and the remarkable trans-
formations for system of elementary ODEs were established relying on Definition 1.
(With Definition 2 the methods of proof applied in [2] would not work).

3. The remarkable transformations

Here we are summarizing the facts (established in [2]) that all explicit first
order systems of ODEs with elementary right hand sides

(3.1) {uf = fe(ut, ooy um) Ugl,—y, = ar, k=1,.., m

are convertible to larger systems in special formats outlined in the Table 2 below.
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(1) An explicit 1st order system of ODEs whose right-hand sides
are elementary vector-functions converts to. . .

(2) A system of ODEs whose right-hand sides are

rational functions. It further converts to. ..

(3) A canonical system: an ex- | (4) A system, whose right-hand
plicit system of algebraic and dif- | sides are polynomials. It fur-
ferential equations for comput- | ther converts to...

ing n-order derivatives requiring
O(n?) operations.

(5) Polynomial ODEs of degree
< 2. It further converts to poly-
nomial ODEs of degree 2 with ...

(6) ...with coeffi- | (7) ... with
cients 0, 1 only | squares only
(Kerner [4]) (Charnyi [5])

Table 2. Remarkable transformations of elementary systems of ODEs

We speak about conversion of the source system into a larger target system of
ODE:s in the sense of the equivalent transformations. That means that the solution
vector of the target system contains the solution vector of the source one. Some
components of the target system are introduced as known relations over the source
components. Therefore the initial values of the target systems are not all free. The
newly introduced components are functions of the source initial values, while the
corresponding relations are in fact the integrals of the target system.

4. The Conjecture

CONJECTURE 1. Consider an IVP for a source system of m rational ODEs

i) R~ o
;o Btz oy, 2,
YT Qut o,y 2

with the denominators Q;li—0 # 0 so that the IVP is regular and has a unique
solution (z, y, z,...) near t = 0, in particular the derivatives ™ |—g = an, n =
0,1,2,.... Then there exists an explicit rational ODE of some order n

F(t, z,..., x(”_l))'
G(t, z,..., x(n=1D)’

with the denominator Gli—o # 0 so that this ODE is regular at t = 0 and has x(t)
as its unique solution.

(4.2) (" = x(k)|t:0 = ay, k=1,2,..., n—1

The Conjecture claims convertibility of an explicit first order system of m ra-
tional ODEs regular at a given point into one explicit rational ODE of order n
regular at this point.

According to Table 2, any rational system of ODEs regular at a point may be
transformed into a polynomial system of degree 2, and then into - a polynomial
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system in squares only

m
(4.3) {u; = Zakiuf . Ukl =br, k=1,..., m.
i=1
or in a vector form
(5% u%
u' = Av, A= HakiHZfi:p u=|uz|, v=|u}
n
If an operator of differentiation T is applied, the n—times differentiated
system takes form
n . .
Z C’flugl)ugnﬂ)
i=0
NGRSO ( B

Z C;’LUS) uén—i)
=0

It is enough to prove the Conjecture assuming that the source system is
in fact polynomial of any of the special types specified above.

The square only format (4.3)) seems especially promising. Assuming the source
system being in the format , the Conjecture was proven [2] for m =2 .

CONJECTURE 2. For every component (say ui) of the IVP for polynomial sys-
tem in squares only there exists a reqular IVP for n—order rational ODE
having uy, as a unique solution.

PRrROOF. (For m = 2 only). Consider a system
¥ = aix®+ by’
y = ar® + by’
If b; = 0, the target ODE is 2’ = a;22. Now assume b; # 0.
2 — ajx?
o =ma’ by’ Y=
by
b
Y = agx? + boy?, Y = agz? + b—Q(:E’ —az?).
1
Looking at 3/, observe that all derivatives (™ depend on z and its derivatives
only, and they may be expressed as polynomials G,,: y™ = G, (z, o, ... x(”)),
n = 1,2, ... Utilizing this, differentiate the first equation:

2D = a1 (2%)™) 4 by (y?) ™) =
= a1(2*)" + 261 (yy"™) + Cry'y" TV + )
= a1 (22)™ + 20, (yGp + CLG1Gry +...), n=1,2,...

Now observe that i occurs only in one monomial: that with the factor G, (x, /, ... (™).
If at least one G, |i—¢, # 0, y may be eliminated and substituted in the following
equations, so that we can obtain infinitely many rational ODE’s in x regular at
t = to. Otherwise, if all G |i=s, = ¥™|i=t, =0, n = 1,2, ..., then y(t) must be a
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constant meaning the first ODE includes only the dependent variable x(¢). That
concludes the proof. ([l

Unfortunately, for m > 2 this method of proof does not work, nor does it work
for m = 2 with addition of mixed or linear monomials in the ODEs.

REMARK 2. The statement that the target ODE is rational in the Con-
jecture is crucial. The following modified Conjecture is false.

CONJECTURE 3. (False) Consider a regular IVP for a source system of m
rational ODEs . Then there exists an explicit polynomial ODFE of some ordern

(4.4) 2 = P(t, x, ..., x("fl)); x(k)|t=0 = ag, k=1,2,.., n—1
having x(t) as its solution.

EXAMPLE 3. (proving that the Conjecture above is false). The component x(t)
of the solution

2(t) = et—l
W = 1

satisfying the IVP for a system of polynomial ODFEs

(4.5) ¥ = z—xy+uy, =1 =e—1

/

y = -y Yle=1 =1

at all points t (except at t =0) can not satisfy any explicit polynomial ODE
at whichever point. At the point t = 0 this x(t) also can not satisfy any regular
rational ODE ({.3). (This is the main result of [3]).

5. The general setting

Further on we assume that the right hand sides of the source system in the
Conjecture are m nonzero polynomial forms of degree 2 in m variables (for simplicity
written in dependent variables z, y, 2)

$/ = F(ta €, Y, Z)v $\t=o =a
(51) y/ = G(t7 z, Y, Z)7 y|t:0 = b
2 = H({, z, vy, 2), Z|t=0 = ¢

and we are looking for an equivalent n—order ODE say for z.

We can also assume that the solution z(t) itself is not polynomial so that
infinitely many x(")|,—o # 0. (If z(t) is a polynomial, it is obviously a solution of
some polynomial n—order ODE, regular indeed as the Conjecture states).
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Repeatedly differentiating the equation for x, the following infinite sequence of
equations may be obtained:

¥ = Fi(t, z, 0y, 2)=Ft, z, vy, 2)
x// = FQ(ta x, Yy, Z) =
OF, OF , OF , OF , OF 0F _ 0F , OF

91 o Oy e Oy
T e A e T A WA

(5.2)

Fn+1(t7 z, Y, Z) =
 OF, OF, , 0OF, , OF,, 0OF, 0OF, . 0OF,  0OF,
R R i v Sl e i T et L

L)

No equation F, (¢, x, y, z) in this sequence may be a zero polynomial (other-
wise all the subsequent Fy(t, z, y, z), N > n, would be zero polynomials too,
making the solution z(¢) a polynomial).

So all F,(t, z, y, z) are non-zero forms.

Given the fact that the operators —, g or 2 lower the degree of F, by 1,
ox’ 0y 0Oz
while the degree of factors F, G, H is 2, the degree of a form Fj,; is higher
than that of F,, by 1. As the degree of F; is 2, therefore the degree of F,, is n+ 1.
The form F,, (¢, =, y, z) in the sequence is expressed recursively via partial
derivatives of the previous form F,,_1(t, z, y, z) only (so that the recursive depth
is 1).
Another format of the sequence of equations for (™ may be obtained if we
assume that forms F, G, H are in squares only like . Then

x(n+1) - Fn+1<.'IJ, Y, Z) =

(5.3) — Zci(allx(i)x(n*i) + amy(i)y(n*i) + algz(i)z(”ﬂ‘)) =

=0

n
= Z Cl(an1 FFp—; + a12GiGpi + a1z H; H,_;)
i=0

where polynomials

n

Gni1 = Y CilanFiFu i+ a0GiGn_; + agsH;H,_;)
i=0

Hor = Y ChlasiFiFo_; + a3GiGn_; + agsHiHy ;).
i=0

The form F,,11(z, y, z) in the sequence ({5.3)) is expressed recursively via the all
previous forms F; , G;, Hj (avoiding partial differentiation) so that the recursive
depth is n. Although for ¢ =1 forms F;(z, y, 2), Gi(z, y, z), Hi(z, y, z) are
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particularly simple being in squares only, for ¢ > 1 they lose this simplicity:

2 2 2
Fi = anz®+apy” +asz

Iy

201127 + 2a10yYy" + 201327 =
= 2ap1z(a112® + a12y® + a132?) + 2a12y(a212® + ag0y® + azsz?) +
+2a132(a31x2 + a32y2 + a3322)

= 2(1%1LE3 + 2a11a121:y2 + 2&11(113.’E2’2 + 2a12a21m2y + 2(112(122y3 + 2(112&23y2’2 + ...

turning into general i+ 1 degree forms with all monomials present.

The infinite sequence of polynomial equations (|5.2) or (5.3) is a starting point
for various attempts to convert these explicit systems of ODEs into one implicit
polynomial ODE of an order n, and to find a proof of the Conjecture.

6. Transformation into one n—order implicit polynomial ODE

The most general (albeit impractical) approach of obtaining one implicit poly-
nomial ODE in t, z, 2/,..., (") from is elimination of "foreign" variables
y, z (in case of m = 3) from that infinite system by means of resultants, as dis-
cussed in [2]. Formally any three equations (say numbered o < 8 < v in the case
of m = 3) may be picked from system for elimination of y, z in order to obtain
an implicit polynomial ODE

(61) Paﬁ’y(ta €, x(a)7 x(ﬁ)’ "E(PY)) :Paﬁ’y(Tv X07 XOM X,37 X’Y) =0

with the leading derivative (") = X,,. However:

e We do not know whether the elimination process necessarily ends up with
a nonzero polynomial, i.e. whether a nonzero polynomial equation
emerges in any elimination process at least for one triplet a;, 5, 7.

e We do not know whether there exists at least one pair of equations (num-
bered ¢, j) in the system tnvertible in y, z at the given point, i.e.
whether a Jacobian

oF, OF,
(6.2) Jli=o = aaﬁ«’j aapzj # 0.
Ay 9z Il

If no such pair of equations exists, the infinite columns 3 :
Y llt=0

OF;
H 3 . (i=1, 2,..)in 1) are linearly dependent, (yet we do not
z

know what to make of it).
e Even if (6.1) is a nonzero polynomial, we do not know whether

and

OPus
ox,

£0.

t=0

Of those three questions, the answer is available only for the first one.
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6.1. Transformation into a nonzero implicit polynomial ODE is pos-
sible. A proof of a possibility to transform a system of ODEs into an implicit
polynomial ODE below will be established promptly in Theorem 3.

The proof (whose idea belongs to Harley Flanderﬁﬂ) capitalizes on the fact from
the combinatorics that the number 7(n) of partitions of n grows faster than the
number of n—degree monomials in 7 variables (for any fixed r).

LEMMA 1. The number C;;i_l of all monomials comprising forms of degree n
in r variables, and the number w(n) of partitions of n satisfy the inequalities

(6.3) Clil <(m+r—1"'< 2V < 7(n)
beginning with a big enough n > n,..

PROOF. The inequality 2V™ < 7(n) is known say from [6], so we must prove
that

(n+r—1""1<2¥" or (n+r— 1)% <2,
which is equivalent to proving that
fn) = (r—=1)Inn+r—-1)
vn

<In2.

Obtain

v In(n+r—1)
n+r—1 2y/n 2n—(n+r—1)hnnh+r—-1
Fm) = (1) S e L L
n 2(n+r—1)nyn
Beginning from big enough n, a linear function 2n < (n+7 —1)In(n +7r — 1), so
(r—=1Dnn+r—-1)

that f'(n) < 0 and f(n) decreases. Moreover lim =0 for
n—00 \/,H
any r > 1. Therefore f(n) <In2 when n > n, for a big enough n,.. O
EXAMPLE 4.
ro= 2,n,=4:0;3_ =5=mn(4)=5, but C3 3 ;=6<n(5)=T.
ro= 3, n,=13:C75}5_; =105 > m(13) = 101, but C7 5, =120 < m(14) = 135.

THEOREM 3. A system of explicit polynomial 1st order ODEs 1§ trans-
formable into one implicit polynomial n—order ODE

(6.4) P(T, Xo,..., Xn_1) = P(t, z,..., 2" V) =0.

PRrROOF. Denote the forms of the sequence as P, = Fp_1(t, =, y, 2),
k=2, 3, 4,..., assuming that P; is an arbitrary linear form with constants A, B :
P, = At 4+ Bzx. This new notation is introduced in order that polynomials P, be
k—degree forms (unlike Fj, which are k — 1 degree forms).

Consider a sequence of sets S,,, n =1, 2, 3,... each representing partitions of
n

Sp ={ (a1,...,an) | a1 + 202 + ... + na, = n}

and special products P} Py2...P%", keeping in mind the one-to-one mapping

n

(a1, ...,qy) <= P P2 P2,

From the private communications in 2004
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Observe, that after completion of all the operations, every product Py Py2...Pon
becomes an n—degree form in ¢, z, y, z. According to the Lemma, for any given
number of variables r there is such a number n, that for any n > n, the num-
ber m(n) of different partitions (as,...,a) exceeds the number Co} | of all
n—degree monomials {t*z”y72°} in r variables. Every product P Pg*...P" is
an n—degree form comprised of the monomials {t*z%y72°}. Therefore there exist
a linear combination with nonzero coeflicients a,, ... o, such that

P= Y a0, PP P =0
(a1,..sam)
corresponding to the polynomial ODE
(6.5) P(t, , 2/, 2" V)= > aa, . a, (AT + BXo)" X7, X2") = 0.
(a1,...;an)
(I
Impractical just like the method of elimination via resultants, this Theorem too
does not offer a feasible method for obtaining the ODE ((6.5). However, unlike the

resultants, the Theorem does guarantee that the desired polynomial ODE exists by
producing a nonzero polynomial.

REMARK 3. Depending on a choice of the particular linear independent prod-
ucts P Py .P% and constants A, B, formally there may be infinitely many

n

polynomial equations , yet for neither of them we know whether

oP
— 0.
8)(n—l t=0 7&

REMARK 4. If one ODE 18 found, infinitely many of them may be ob-
V

d
tained by differentiation (dt) of
P(t, z, o, .., 2" V) =0

oP
6.6 s +Qolt, z, /)., 2™ V)=0
(6.6) T+ Qo )
oP
(n+1) ! (n)y _
T —+ t, x, x',..., T =0
X, @l )
oP
(6.7) N Qn(t, z, o', ..., ac("+N_1)) =0
aanl
where Qn (N =0, 1, ....) denote some polynomials in the specified variables.

Unlike , all of these equations are linear in the leading derivative (") and
orP  OP(T, Xo, Xi,..., Xp_1)
0Xp_1 0Xn1

opP ‘ :
= 0 1in one equation 6

n all

they all have the same critical factor

equations. Therefore if it happens that
8)(n—l

=0
making it singular at this point, all the other ODEs are singular too.
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REMARK 5. For a given n, the rank of the linear space F' of all n—degree
monomials in v variables s C’Zli_l. All n—degree forms generated by the products
{P* Py*...P¥} comprise a subspace P,, = Span{P}*' Psy*...P%"} of monomials

{teaPyr20} € F* (albeit the number m(n) of products { Py Pg>...P9"} exceeds
C’;;ifl). Therefore Rank(P,) = K,, < Rank(F?) = C’:;Llul.

We do not know which subset of K, products { P Py...P?"} comprises the
basis of the subspace P,,.

Note that «, may take only values 1 or 0. At that, if «a, = 1, then oy =
ag =..ap—1 =0. And if @, =1, then oy + 202 + ... + (n — Da,—1 = n.

Is it possible that the subset { P Py'*...Po" Y\ {P,} (i.e. asubset { P/ Py?.. Pl
where «, = 0) has the same span as Span{P/"* Py"*...P%"} for a big enough n? If
it were possible, then P, € Span{P{' Ps*...Py"1'} meaning that P, is a linear
combination of some products P{*' Py**...P;"|" generating an explicit polynomial
ODE

(6.8) Xpp1 = PU(T, X, X', ..., X0).

Yet we must not look for such an outcome, as the Example 3 shows.
However if we found a product P;"'...P;"* Pyq (rather than stand alone P,)
such that
PP P Pyi1 € Span{ P Py ..P*},  k <mn,
it could deliver the desired non-singular ODE (providing that [P ... P |,—¢ # 0).
Unfortunately, the structure of forms P;™* Py?...P** is too complicate for studying
their basis.

6.2. Elimination of parameters not necessarily delivers a regular poly-
nomial equation. In this subsection let us ignore for a while that all X, in
the polynomial equations X, = F,(T, X, Y, Z) of the sequence (5.2) stand
for derivatives of the function z(t). Instead, consider the equations as a
parametric polynomial representation of a manifold (with the internal coordinates
(T, X, Y, Z)) into a space with coordinates (X7, Xs,...). Indeed, every point
(T, X, Y, Z) is regular because all the parametric equations are polynomial.

Now we want to transform this parametric representation of the manyfold into
an implicit polynomial representation P(T, X, X5, X3) = 0. Is it always possi-
ble to find a polynomial P which is regular in a particular variable X; (meaning

op # 0) at a given point (to, zo, Yo, 20) — (To, X?, X9, X)? The
i lt=to

answer is "No" - even for one-dimensional manifold, i.e. for a curve.

EXAMPLE 5. A polynomial parametric curve
r = t2
y =t
(defining the positive branch of an algebraic curve y = +/x) 1is reqular for all
t and particularly at t = 0. Yet the corresponding implicit polynomial equation
P=9y?>—x=0 (and any other polynomial equation satisfied by this y(z) ) must be
singular in y at the point (x =0, y =0), i.e. — =0, because this is a point

Y lz=0
of branch singularity of y(x), so that the condition of existence and uniqueness of

the solution in y at this point must be violated.



14 ALEXANDER GOFEN

EXAMPLE 6. A polynomial parametric curve
x = 1—1¢2
y = (1=

(defining the positive branch of an algebraic cumﬁﬂ y = +av1—x) is regular
everywhere including at t = 1. Yet the corresponding implicit polynomial equation
P =y?—22(1 —x) =0 is singular, and any other polynomial equation satisfied

opP
by this y(x) must be singular in y at the point x =y =0 (i.e. o =0)
x=0

because the algebraic curve y(x) belongs to the algebraic pair y1 2(x) = x/1 — x.
The singularity point of y12(x) is = = 1. At the point x = y =0 both branches
are regular, but intersect each other, therefore any polynomial equation satisfied by
such y(x) must violate the condition of existence and uniqueness of the solution in
y at the point x = y = 0.

The function y(z) at the point x = y = 0 cannot satisfy any implicit
polynomial equation, yet it does satisfy:

o A regular algebraic equation y = +zv/1 — x;
e A regular IVP for a polynomial system of ODEs

, x
= — 5. e=0 =10
y 2= 5 Yla=o
1
4= -5 2ly=0 = 1, (z=V1-ux);
z
e A regular IVP for a polynomial ODE
4—3x
y' =y Y=o =0,  la=o=1

2(2-3z)(1—=z)’

ConNcLUsioN 1. If the Conjecture is false, there must be an example of a poly-
nomial system and such a point t, at which any polynomial ODE
satisfied by x(t) must be singular (in the leading derivative). For example, if the
system in Example 3 (or another such system) were valid also at t =0, then
the x(t) would refute the Conjecture.

CONCLUSION 2. If the Conjecture is true, its proof must take into consideration
the fact, that the variables X, in the equations stand for the derivatives of
the solution x(t), so that F,(T, X, Y, Z) are not arbitrary polynomials, but the

polynomials satisfying the recursive formulas or .

CoNcLUSION 3. Unlike the parametric representation in the Examples above

(comprised of two equations only), the sequences or contain infinite
number of equations implementing the mapping

(z(t), y(t), z(t)) — (x(t), z'(t), 2" (), ..., 2™ (t),...).
Therefore the sequences offer multiple choices how to select a triplet of equations

from for elimination of y and z. We are looking for such a finite subspace of
the infinite space (Xo, X1, Xo,...) that the projection of the curve

(z(t), z'(t), z"(t),..., z™M(t),..) € (X0, X1, Xa,...)
into (X, Y, Z) satisfy a reqular polynomial at a given point t.

2This is the so called "cubic with double point" - courtesy of George Bergman
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7. Families of polynomial ODEs having the same solution

If one polynomial ODE satisfied by a given holomorphic solution z(t)
exists, there exists also an infinite family of polynomial ODEs [3] satisfied by ().
Here the holomorphic solution is considered defined by its Taylor coefficients or
derivatives (™) lt=0 = b, m =0, 1, 2,..., while the ODEs of the family satisfied
by x(t) are sought as polynomial ODEs

(7.1) P(t, z, o',..., 2™) = P(T, Xo,..., Xpn) =

q
> b TR XPEXTE X =0
k=1

with unknown coefficients by. These coefficients satisfy an infinite algebraic system
q
(7.2) > M =0, n=0,1, 2.
k=1
obtained by differentiating the equation (7.1}, where

d n
My = (dt) (T XPre Xk X9k,
ie. My, stands for n—th derivative of k—th monomial in (7.1)). The linear
algebraic system ([7.2) is an infinite over-defined yet consistent system, whose one
nonzero solution (a set of by) is known.

Now we can pose the following Problem.

PROBLEM 1. If the polynomial ODE for one particular set of coefficients

br  happened to be singular so that a—P
OXm |-

polynomial ODE in the infinite family which is regular at this point (or is it possible

to widen the family by increasing the degree of the polynomial P and the number

q of monomials in it)?

= 0: Is it possible to find another

Prior to consideration of the Problem, the following must be noted:

(1) Generally, not for any holomorphic function x(t) a polynomial ODE sat-
isfied by x(t) and regular at ¢ = 0 necessarily exists. For example, the
1
k+1
at t =0 (k =0, 1,...) can satisfy no polynomial ODE regular at
t =0 [3]. Therefore we must not expect that the regularization of a given
polynomial ODE is possible for any arbitrary analytical element.

(2) The particularity of our setting is that the analytical element z(*)|;_q =
ar (k =0, 1,...) is not arbitrary: These are the values obtainable by
evaluation of the special sequence . It is suspected (if the Conjec-
ture is true) that the sequence can not generate the derivatives like

-1
function z(t) = GT defined by its analytical element z(*)|,_o =

Wy, - L
#P=0 = 77

(3) Moreover, if we substitute the forms X, = Fy(¢, x, y, z) of the sequence

(5.2) into any polynomial P(T, Xo,..., X,,) of the family (7.1]), those

Fy, will satisfy P turning it into a zero polynomial in T, X, Y, Z:
PT, X, (T, X, Y, Z),..., F,(T, X, Y, Z))=0
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(because the polynomial P was obtained such a way that F} satisfy P).
For further consideration it makes sense to re-write the polynomial ODE
in the form of the Taylor polynomial at a point (¢, ag, a1, as,...)
(7.3) 0=P=B(T—1ty)+Ay(Xo —ao) + ... + A (X — an)+
+C(T — to)* + Co(T — to)(Xo — ag) + C1L(T — to) (X1 — a1) + ...
+Ago(Xo — ao)® + A1 (Xo — ao) (X1 — a1) + A2 (Xo — ag)(Xy — ag) + ...

with unknown coefficients
Bv C, CO?"'& AO&"'& Am, A007 AOla"'

The variables X, ..., X,, in the source equation and further X, 11, X4, ..
after differentiation of take the values aj obtained by evaluation of the
sequence as emphasized in items (2, 3).

The advantage of the Taylor format is in that the condition of the regu-
larity of ODE translates into the simplest verifiable form

oprP

— = An .
aXm t=to ) # 0

In other words we are looking for such a solution (a set of coefficients)
Ba 07 007 By AO) ey A’m; A007 A017 sty

that A,, be nonzero. The values of the evaluated elements of the matrix of the
linear algebraic system (7.2)) computed for :c(k)|t:to = aj are shown in Table 3:

(;ltin B AQ Al A2 e Am C CO Cl s AOO AOI
0 0 0 0 0o .. 0 0 O 0 O 0 0
1 1 aq a9 as oo 41 0 0 0 0 0 0
2 0 ax a3 a4 ... Quy2 2 a1 a2 .. a% a1a9
3 0 a3 a4 a5 ... amyes 0 2ay 2as
4 0 a4 a5 ag ... amya 0 3az 3ag

Table 3. The matrix of the linear algebraic system (|7.2]) for the polynomial ([7.3]).
The rows (n =0, 1, 2,...) represent the evaluated factors at the unknown
coefficients B, Ay,..., Ap,...after n—th differentiation.

In order that A,, be nonzero, it is sufficient to prove that A,, is a free unknown
in the set of unknowns so that we can choose it arbitrarily. In order that A,, be
free, the column corresponding to A,, must linearly depend on the other columns.

It can not be the case if for example a, = Pl ™ explained in item (1).

However it possibly can for the values aj generated by the sequence (5.2)). For
example, we can assume that a; are generated by evaluation of the system
in squares only. Unfortunately, so far we were unable to take advantage of this
particularity of values ag.
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8. Conclusion

The Conjecture remains unresolved. Perhaps it presents a serious challenge. It
is important to find its solution because a few other unresolved issues depend on
it. Those issues are the following.

e There are two approaches to the definition of elementariness: either for
vector-functions via a system of 1st order regular ODEs, or for stand alone
functions via one n—order regular ODE. Are both definitions equivalent?

e There exist isolated special points in solutions of elementary ODEs where
a solution is holomorphic, yet it cannot satisfy any regular IVP for an
n—order rational or polynomial ODE [3, 7]. If the Conjecture is true,
such functions cannot satisfy also any regular IVP for rational or polyno-
mial systems of ODEs. If so, those isolated special points in elementary
functions are the points where elementariness of these functions is vio-
lated.

e The issue of System-to-One-ODE conversion is too classical to remain
unattended and unresolved.
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